In this appendix, we will recall some facts in category theory, which are used in this thesis.
A:1 A category C is said to be an additive category if (a) there exists a zero object in C, (b) there exist finite coproducts in C, and (c) each of the morphisms sets Hom C (A, B) carries the structures of an abelian group such that the composition of morphisms is bilinear with respect to the addition of these groups.
A:2 Let C be an additive category. Let f : A −→ B be a morphism in C. Then we have the following commutative diagram
where h is uniquely determined by f .
An additive category with kernels and cokernels, where for each morphism f the uniquely determined morphism h : CokKer(f ) −→ KerCok(f ) is an isomorphism, is called an abelian category.
A:3 Recall that a subcategory of a category C is a category C which satisfies the following conditions:
(c) For all X ∈ Ob(C), the identity morphism of X in C equals the identity morphism of X in C.
(d) For all X, Y, Z ∈ Ob(C ), the composition function
is the restriction of the composition function
A:4 We say that a subcategory C of a category C is a full subcategory of C if for all X, Y ∈ Ob(C ), we have Hom
A full subcategory C is called strict full subcategory if for any object X, all objects isomorphic to X belong to Ob(C ).
A:5 Let F, G : C → D be functors, and ϕ : F → G be a morphism of functors.
Then, ϕ is an isomorphism of functors if and only if for all X ∈ Ob(C) the morphism ϕ(X) :
is an isomorphism of objects in D.
A:6 Let C and D be two categories, and let 
is given by
A:7 Let C and D be two categories, and let F : C → D and G : D → C be two functors. We say that G is a left adjoint of F , or that F is a right adjoint of G, if there exists an isomorphism
of functors D op × C → Set; in that case, ϕ is called an adjunction between F and G.
A:8 By A:5 the adjunction ϕ attaches to each object (
which is functorial in Y and X, i.e., if g : Y → Y is a morphism in D, and if f : X → X is a morphism in C, then the diagram
A:9 By substituting Y = F (X) in (4.12) we get,
Recall that ϕ(X, F (X))(1 F (X) ) is the counit morphism of X with respect to the adjunction ϕ. We will denote it by σ X . For every object Y in D, the unit morphism of Y with respect to the adjunction ϕ, is defined to be the
A:10 A functor F : C → D is said to be faithful (respectively, full, fully faithful)
if for all X, X ∈ Ob(C), the function
is injective (respectively, surjective, bijective). A functor F : C → D is essentially surjective if for every object Y in D, there exists an object X in C such that F (X) is isomorphic to Y . A functor F : C → D is said to be an equivalence of categories if there exists a functor G :
A:11 A functor F : C → D is an equivalence of categories if and only if it is fully faithful and essentially surjective.
A:12 Let C be a category. Then for every object Y ∈ C, we get the functor Hom,
which is defined by the following assignments:
(b) If X and X are objects in C op , then
where Hom(u, 1 Y )(w) = w•u for u ∈ Hom C (X , X) and w ∈ Hom C (X, Y ).
It is easy to verify that Hom(•, Y ) : C op → Set is indeed a functor.
A:13 Let C be a category. We say that a functor F : C op → Set is representable if there exists an object Y ∈ Ob(C) such that F ∼ = Hom(•, Y ). An object Y ∈ Ob(C) is called a representing object for F ; we also say that F is representable by Y . By Yoneda embedding, a representing object is unique up to a canonical isomorphism.
A:14 Let C be a category, and let F : C op → Set be a functor. Let Y ∈ Ob(C).
An element ξ ∈ F (Y ) is called a universal element for F if it satisfies the following condition: for every object X ∈ Ob(C) and for every element µ ∈ F (X), there exists a unique morphism w : X → Y in C such that µ = F (w)(ξ).
A:15 If a functor F : C → Set is representable by X, then there exist a universal element ξ ∈ F (X) for F . A representation of F is a pair (X, ξ), where X ∈ Ob(C), and ξ ∈ F (X) is a universal element for F .
A:16 Let C be a category, and let S be an object in C. Then, an S-object, or an object over S, is a pair (X, u), where X is an object in C, and u : X −→ S is a morphism in C, called the structure morphism.
An S-morphism, or a morphism over S, from an S-object (X , u ) to another (X, u) is a morphism f :
commutes. We thus get a category C/S of S-objects and S-morphism. This category has a final object (S, 1 S ). If X and Y are S-objects, Hom C/S (X, Y ) is also denoted by Hom S (X, Y ).
A:17 If (X, u) and (Y, v) are S-objects, then a fibred product of X and Y over S is a product of X and Y in C/S. It is therefore, a triple (X × S Y, p 1 , p 2 ), where X × S Y is an S-object, and p 1 : X × S Y −→ X and p 2 : X × S Y −→ Y are S-morphisms, called the canonical projections with the following universal property: For every S-object T , the function
is a bijection. Equivalently, for every object T in C, and for every pair of morphisms f : T −→ X and g :
A triple (X × S Y, p 1 , p 2 ) is a fibred product of X and Y over S iff the object X × S Y in C represents the functor F , and (p 1 , p 2 ) ∈ F (X × S Y ) is a universal element, that is, for every object T in C, the function
is a bijection. Equivalently, for every object T in C, Hom C (T, X × S Y ), Hom(T, p 1 ), Hom(T, p 2 ) is a fibred product of Hom(T, X) and Hom(T, Y ) over Hom(T, S) in Set.
A:20 Let C be a category with a final object S. We assume that finite products exist in C. A group object of C is an object G of C, together with a functor C op −→ Grp into the category of groups, whose composite with forgetful functor Grp −→ Set is isomorphic to Hom C (•, G). Equivalently, a group object is an object G, together with a group structure on Hom C (X, G) for each object X of C, so that the function f * : Hom C (Y, G) −→ Hom C (X, G) associated with an arrow f : X −→ Y in C is always a homomorphism of groups.
A group object in the category of topological spaces is called a topological group. A group object in the category of schemes over a scheme S is called a group scheme over S.
